Using lattice theory, we establish a one-to-one correspondence between the set of Fourier-Mukai partners of a projective K3 surface and the set of 0-dimensional standard cusps of its Kahler moduli. We also study the relation between twisted Fourier-Mukai partners and general 0-dimensional cusps, and the relation between Fourier-Mukai partners with elliptic fibrations and certain 1-dimensional cusps.
Introduction
The excellent work of Mukai ([9] , [10] ) and Orlov ([12] ) opened a way to study derived equivalence for K3 surfaces via their periods. One of their conclusions is that two projective K3 surfaces are derived equivalent if and only if there exists an isometry between their Mukai lattices preserving the periods. This theorem can be viewed as a generalization of the global Torelli theorem for K3 surfaces. Let FM(S) be the set of isomorphism classes of Fourier-Mukai (FM) partners of a projective K3 surface S, i.e., K3 surfaces derived equivalent to S. As an application of Mukai-Orlov's theorem, Hosono-Lian-Oguiso-Yau ( [5] ) gave a counting formula for #FM (S) .
In this paper, as an application of the Mukai-Orlov's theorem and the Torelli theorem, we construct a bijection between FM(S) and the set of embeddings of the hyperbolic plane U into the lattice N S(S) ⊕ U up to the action of a certain finite-index subgroup Γ S ⊂ O(N S(S) ⊕ U ). Then, by considering the isotropic vector (0, 1) ∈ U , we obtain 0-dimensional standard cusps of the modular variety Γ Hence Theorem 1.1 asserts that FM(S) is identified with the 0-dimensional standard cusps of the Baily-Borel compactification of Aut † (D b (S))\Stab † (S)/ GL + 2 (R). However, the lattice theoretic approach employed in this paper does not explain any intrinsic reason for the correspondence between (twisted) FM-partners and 0-dimensional cusps. It may be interesting to understand the correspondence in more derived-categorical way.
Besides 0-dimensional cusps, Γ + S \Ω + N S(S)⊕U has also 1-dimensional cusps. Let FM ell (S) be the set of isomorphism classes of pairs (S ′ , L ′ ), where S ′ ∈ FM(S) and L ′ ∈ P ic(S ′ ) is the line bundle associated to a smooth elliptic curve on S ′ . In the same manner as in the case of 0-dimensional standard cusps, we relate FM ell (S) to the set of those 1-dimensional cusps of Γ + S \Ω + N S(S)⊕U whose closure contains a 0-dimensional standard cusp. The map µ 1 from FM ell (S) to the set of such 1-dimensional cusps is surjective but not injective in general. For example, for generic K3 surface S with N S(S) = U (r) (r > 2), we calculated µ 1 explicitly to conclude that µ 1 is far from being injective (Example 4.12). On the other hand, if detN S(S) is square-free, then µ 1 is bijective (Corollary 4.10). We shall observe that if two elliptic K3 surfaces (S, L) and ( Notation. By a lattice, we mean a free Z-module of finite rank equipped with a non-degenerate integral symmetric bilinear form ( , ). Denote by rk(L) and sign(L) the rank and the signature of L, respectively. A lattice L is called even if (x, x) ∈ 2Z for every element x ∈ L. For a lattice L and a field K, we denote by L K the K-vector space L ⊗ K. For two lattices L and M , L ⊕ M is the lattice defined as the orthogonal direct sum of L and M , while L + M denotes the direct sum of the Z-modules underlying L and M . The projection
For (possibly degenerate) lattices M and N , we denote by Emb(M, N ) the set of primitive embeddings of M into N . A sublattice M ⊆ L is called isotropic if (x, y) = 0 for all x, y ∈ M . A primitive isotropic sublattice M is called standard, if there exists x ∈ L such that (x, M ) = Z. We denote by I r (L) (resp. I st r (L)) the set of (resp. standard) primitive isotropic sublattices of L with rk(L) = r. A non-zero element l ∈ M is called isotropic (resp. primitive, standard isotropic) if Zl is isotropic (resp. primitive, standard isotropic). Denote by I(L) (resp. I st (L)) the set of primitive (resp. standard) isotropic elements of L. By a K3 surface, we mean a projective K3 surface over C. For a K3 surface S, we denote by N S(S) the Neron-Severi lattice of S.
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Some Lattice Theory

Even lattice and its discriminant form
For an even lattice L, we can associate a finite Abelian group
, which is a finite index subgroup of O(L). The following well-known facts due to Nikulin will be used frequently in this paper : Proposition 2.1. ( [11] ) Let M be a primitive sublattice of an even unimodular lattice L, and denote by 
Two even lattices M and N are said to be isogenus if M Qp ≃ N Qp for every prime number p (including ∞). This is equivalent to the condition that sign(M ) = sign(N ) and (A M , q M ) ≃ (A N , q N ) by [11] . The set of isometry classes of lattices isogenus to L is denoted by G(L). 
Primitive isotropic element
Let M be an even lattice possessing a primitive isotropic element l. We shall study some properties of M related to l. The results of this subsection will be used in Section 3.4 and in some corollaries in Section 4.
For a primitive isotropic element l ∈ M , the exact sequence
splits, and each splitting gives an orthogonal decomposition
For an integer a ∈ Z, we define
Since the set {a ∈ Z | W a ∩ L 0 = φ} is an ideal of Z, we can define the positive integer a 0 to be its generator. Every element m ∈ L 0 ∩ W a0 forms a basis of L 0 together with l.
there is an element n ∈ l ⊥ such that m + n is divisible by a 0 in M . We can choose m 0 ∈ L 0 ∩ W a0 so that n 0 may be taken from L 1 . Fix such m 0 and n 0 . In terms of the basis {l, m 0 }, the Gram matrix of L 0 is written as
.
, and a subgroup H 1 ⊂ A L0⊕L1 whose residue group is also cyclic of order a 0 , such that graph(ϕ) ⊂ H 1 and
Proof. Consider the following sequence of inclusions :
The
W a is cyclic of order a 0 and is generated by m0+n0 a0
∈ W 1 . If we set H 0 := m0 a0 ⊂ A L0 and define the homomorphism ϕ :
∨ is also a finite group of order a 0 . Since
∨ is a 0 . Therefore, if we define
Hence there is an embedding ϕ : U ֒→ M with ϕ(f ) = l. Since the lattice U is unimodular,
Proof. If detM = |A M | is square-free, we conclude from Proposition 2.4 that div(l) = 1 for every l ∈ I(M ).
For a primitive isotropic element l ∈ M , set
We investigate on parabolic properties of O(M ) l (see also [4] ). Since an isometry
In (b) we extended the action ofg to l ⊥ by settingg(l) = l. We can define a group structure on P l,m0 as
(g, y)
By direct calculations one can check that this indeed define a group structure on P l,m0 . More intrinsic way is the following.
where
Proof. Firstly we verify that
l . Now, by the definition of the group law of P l,m0 , the correspondence (g, y) → g (g,y) is a group homomorphism, and obviously is injective. Conversely the above argument tells that (
l , and we have g (
By the group law (2) and (3), the first projection π 1 :
is a group homomorphism, whose kernel is denoted by T := Ker(π 1 ) ⊂ P l,m0 . By the law (2) the projection Ψ = (pr L1 ) • π 2 : T → L 1 is a group homomorphism, and is injective by the condition (a).
We can recover the isometry
Proof. Take an element (id, y) ∈ P l,m0 . If we write y =ỹ + αl withỹ ∈ L 1 , α ∈ Z, we have (ỹ,ỹ) + 2αa 0 div(l) = (y, y) + 2α(m 0 , y) = 0 by (a) of the definition of P l,m0 , so α is uniquely determined fromỹ as α = −
a0div(l) l is divisible by a 0 , so we get the properties (c) ′ and
Example 2.9. When div(l) = 1, we can take L 1 so that L 0 ≃ U and a 0 = 1. Then the above conditions (5) for Ψ(T ) are automatically satisfied, so that we
Hence we have the isomorphism of groups
In Section 4, we are interested in the group
Proof. Take a basis
′ of the conditions (5), each integer α i satisfies the condition α i y i ∈ a 0 L 1 . Therefore Ψ(T ) can be written as Ψ(T ) = Zα i a 0 y i with α i ∈ Z. By the the equation (6) and (4), each element αa 0 y i ∈ Ψ(T ), α ∈ α i Z, corresponds to id, αa
by a group homomorphism.
From this, we can determine the structure of r M (O(M ) l ) in the following cases.
Proof. (1) By Lemma 2.10, r M (T ) = {id}. So (1) follows from the isomorphism (7).
(2) In this case, L 1 is a definite lattice of rank 1 so that O(L 1 ) = {±id}.
3 FM(S), FM(S) and the 0-dimensional cusps of Γ
is the bounded derived category of coherent sheaves on S. We denote by FM(S) the set of isomorphism classes of FM-partners of S. By the results of Mukai and Orlov ([9] , [10] , [12] ), FM(S) can be studied via the period of S. We denote by H(S, Z) the total cohomology group H * (S, Z) equipped with the Mukai pairing
as a lattice. The lattice H(S, Z) inherits a natural weight-two Hodge structure from the one on H 2 (S, Z). If we denote by ω S ∈ H 2 (S, C) the period of S, then we get
if and only if there exists a Hodge isometry H(S, Z) ≃ H(S ′ , Z).
Thanks to this theorem, we are able to obtain every member of FM(S) by an embedding of U into N S(S) ⊕ U .
Proof. Since A Λϕ ≃ A ϕ(U) ≃ {id}, Λ ϕ is an even unimodular lattice of signature (3, 19) , so is isometric to the K3 lattice Λ K3 . Since T (S) ⊂ Λ ϕ , Λ ϕ inherits the period from that of T (S). By the surjectivity of period map ( [16] , [17] ), there is a K3 surface S ϕ such that H 2 (S ϕ , Z) is Hodge isometric to Λ ϕ . By the Torelli theorem ( [14] , [17] ), S ϕ is unique up to isomorphisms. Since
is an isometry of lattices preserving the periods, S ϕ ∈ FM(S) by Theorem 3.1.
Conversely, if S ′ ∈ FM(S), there is a Hodge isometry Φ :
By the construction of S ϕ , we can identify T (S ϕ ) = T (S), and N S(
We shall introduce an equivalence relation on Emb(U, N S(S)⊕ U ) to make the above correspondence bijective. 
In generic case, ω S is not contained in any eigenspace of any ϕ ∈ O(T (S)) − {±id}, so O Hodge (T (S)) = {±id}. Since we have the inclusions 
is a bijection.
Proof. It suffices to show that S ϕ1 ≃ S ϕ2 if and only if there exists an isometry γ ∈ Γ S such that ϕ 1 = γ • ϕ 2 . By the Torelli theorem, the former condition is equivalent to the existence of a Hodge isometry Φ :
Given such Φ, we get a Hodge isometry Φ : Conversely, if there exists γ ∈ Γ S such that ϕ 1 = γ • ϕ 2 , we can find a Hodge isometry g : T (S) ≃ → T (S) which is compatible with γ on the discriminant group. Then, again by Proposition 2.1 (2), γ ⊕ g extends to Φ ∈ O Hodge ( H (S, Z) ), which gives a Hodge isometry between
There is a bijection between Γ S \Emb(U, N S(S) ⊕ U ) and the double coset
In particular, the following equality holds:
Proof. We have the decomposition
. Therefore, we have the bijection between sets
This equality (8) is the counting formula in [5] . Thus, the above approach gives a slightly different proof of the counting formula. 
Standard cusps of the modular variety
τ is an orientation of E .
Regarding Ω
, we can decompose its boundary in Q as follows:
where I is an isotropic subspace of L R and F I is the interior of P(I C )∩Ω + be an arithmetic group, i.e., [Γ : [13] ) is settheoretically the set 
Theorem 3.7. Let {e, f } be the standard basis of the lattice U . Define
Proof. The map µ 0 is well-defined by Proposition 3.4. Since
the isometry id e H(S,Z) induces a Hodge isometry Φ :
In this way, we have #FM(S) = #{ 0-dimensional standard cusps of Γ
General 0-dimensional cusps and twisted FM-partners
In this subsection, using Huybrechts-Stellari's solution of Cȃldȃraru conjecture ( [8] ), we study the relation between general 0-dimensional cusps of Γ
and twisted Fourier-Mukai partners of S. For twisted K3 surfaces, see [7] . Let (S ′ , α ′ ) be a twisted K3 surface. By the natural isomorphism
we identify α ′ ∈ Br(S ′ ) with a surjective homomorphism α
Proposition 3.8. There is a map
satisfying the following properties.
which is an even overlattice of N S(S) ⊕ U . Since
, we can write
for an embedding ϕ ∈ Emb(U, M l ) and an even lattice M ϕ . By the isometry
we have an isotropic cyclic subgroup λ M l /(N S(S) ⊕ U ) ⊂ A T (S) and its
, which define an overlattice T l ⊃ T (S) and a surjective homomorphism α l : T l → Z/div(l)Z with Ker(α l ) = T (S). Since λ induces the isometryλ : (A f M l , q) ≃ (A T l , −q), we have an embedding Φ :
M l ⊕ T l ֒→ Λ K3 with both Φ( M l ) and Φ(T l ) being primitive. As in Section 3.1, Φ • ϕ ∈ Emb(U, Λ K3 ) induces an embedding Φ : M ϕ ⊕ T l ֒→ Λ K3 , and the period of T l (induced from T (S)) defines the K3 surface S ϕ with N S(S ϕ ) ≃ M ϕ , T (S ϕ ) ≃ T l . Moreover, we have the surjective homomorphism
Hence l and ϕ defines a twisted K3 surface (S ϕ , α l ) with ord(α l ) = div(l).
We have to verify that the correspondence (l, ϕ) → (S ϕ , α l ) induces a welldefined map Γ S \I(N S(S) ⊕ U ) → FM (S) . Firstly, we see that (S ϕ 
, which is identity on T l = T (S ϕ1 ) = T (S ϕ2 ). By Lemma 2.3, we get a Hodge isometry Φ :
In the following, we write (S l , α l ) instead of (S ϕ , α l ).
Next, we see that (S γ(l) , α γ(l) ) ≃ (S l , α l ) for γ ∈ Γ S . The isometry γ of N S(S) ⊕ U extends to the isometry
On the other hand, there is an isometry g ∈ O Hodge (T (S)) with r(g)
, g extends to the isometry
Because we haveλ • r( γ) = r( g) •λ, the isometry γ ⊕ g extends to a Hodge isometry
which induces a Hodge isometry Φ :
Finally, we see that
). Since we have a Hodge isometry
Hence there is a Hodge embedding The proof of the assertion (2) can be left to the reader. By proposition 4.1.1 of [15] , the map
Since the natural homomorphism r : O(N S(S) ⊕ U ) → O(A N S(S)⊕U ) is surjective by Proposition 2.2, after composing γ with an element of O(N S(S)
is surjective. 
Proof. We define ξ 0 by π
we have an isotropic cyclic subgroup λ( x ) ⊂ A T (S) of order div(l) and its generator λ(x) ∈ A T (S) , which define an overlattice T x ⊃ T (S) and a surjective homomorphism α x : T x → Z/div(l)Z with Ker(α x ) = T (S). Here we write λ for λ e H(S,Z) :
Take an isometry δ ∈ r(Γ S ). Then there exists an isometry g ∈ O Hodge (T (S)) with λ•δ = r(g)•λ. Since r(g)(λ(x)) = λ(δ(x)), g extends to the Hodge isometry g :
, and the map ξ 0 is well-defined. We prove the surjectivity of ξ 0 . For (
, where1 ∈ Z/dZ is the generator. Then we have an isotropic element x := λ −1 (y) ∈ I(A N S(S)⊕U ). By the construction of (T x , α x ), we have a Hodge isometry (
Since there exists a Hodge isometry g :
Composing with the the natural surjection
and using the equality r(Γ + S ) = r(Γ S ) (due to the existence of id N S(S) ⊕ −id U ∈ O(N S(S) ⊕ U ) 0 ), we have the following.
Theorem 3.12. There is a commutative diagram
where p + and π are the natural surjections, and ξ 0 is a bijection. The set Γ
The set r(Γ 
Proof. Since there is an embedding U ⊕ U ֒→ N S(S) ⊕ U , p + is bijective by proposition 4.1.3 of [15] . On the other hand, we have an embedding U ⊕ U ֒→ N S(S) ⊕ U ⊂ M x so that Proposition 2.2 implies that π is bijective.
In this way, we can obtain informations about FM 
where N S(S ϕ ) + R is the connected component of {y ∈ N S(S ϕ ) R | (y, y) > 0} containing ample classes. Let us observe briefly the action of
and the action of N S(S ϕ ) is identity on the discriminant group by Corollary 2.11 (1) . Take an element
According to the equations (4) and (6) of Section 2, m ∈ N S(S ϕ ) and g ∈ O(N S(S ϕ )) act as
There is a normal subgroup
is the Weyl group of N S(S ϕ ). Denote by A(S ϕ ) R be the cone in N S(S ϕ ) R generated by the ample classes of S ϕ over R >0 . Since A(S ϕ ) R is the fundamental domain for the action of
Next, we explain Γ 
Via the isomorphism (9), P (S) is a principal GL 
Proof. According to [2] and [3] , π induces the isomorphism
FM-partners with elliptic fibrations
Now we study the relation between 1-dimensional cusps and FM-partners with elliptic fibrations.
) if they are isomorphic as elliptic K3 surfaces.
Lemma 4.2. By associating to
, there exists a one-to-one correspondence between FM ell (S) and the set
In (10),
Proof. It is known ( Corollary 6.1 of [14] ) that every primitive isotropic element of N S(S) can be transformed by the action of {±id} × W (S) to the class of a smooth elliptic curve. Thus, each element of (10) is represented by the divisor class of a smooth elliptic curve. By the Torelli theorem, it suffices to show that, if there is a Hodge isometry Φ :
then there is an effective Hodge isometry Φ ′ : intersect with the segment x 1 x 2 , and each W i must passes through l 2 . Writing W i ∩ x 1 x 2 = t i x 2 + (1 − t i )x 1 , we may assume that 0 < t 1 < · · · < t N < In what follows, we identify the two sets in Lemma 4.2. Let Zl be a degenerate lattice of rank 1, and consider the degenerate lattice U ⊕ Zl = Ze ⊕ Zf ⊕ Zl of rank 3, where (e, f ) = 1, (e, l) = (f, l) = (l, l) = (e, e) = (f, f ) = 0. The proof of the following theorem is parallel to that of Lemma 3.2 and Proposition 3.4. (S) . Then the correspondence
is a bijection. 
Proof. (Cf. Proposition 3.5)
k , the last line can be written as 
Note that div([C
where l is an arbitrary standard isotropic element in N S (S) and
by Corollary 2.10. Now the assertion follows from Corollary 4.3 (or rather its proof).
FM ell (S) and the 1-dimensional standard cusps
Let E ∈ I st 2 (N S(S) ⊕ U )). By definition, there exists e 1 ∈ N S(S) ⊕ U such that (e 1 , E) = Z. If we take f 1 , l 1 ∈ E so that (e 1 , f 1 ) = 1 and Ker(e 1 , ·) 
, which is identity on Zl 1 . 
By the definition of standardness, µ 1 is surjective. It follows that
closure contains a 0-dimensional standard cusp .
Proposition 4.9. The map
is bijective. In particular, we have µ , l 2 ) ). We may assume that E = Ze 1 + Zl 1 = Ze 2 + Zl 2 . We can write f 2 = af 1 +bl 1 , l 2 = cf 1 +dl 1 with ad−bc = 1. Since (de 1 −cm 1 , f 2 ) = 1 and (de 1 − cm 1 , l 2 ) = 0, we get (S Z(de1−cm1)+Zf2 , l 2 ) ≃ (S Ze2+Zf2 , l 2 ) by Lemma 4.7 (2). If we set e Proof. The assertions except the last one are consequences of Corollary 2.6 and Proposition 4.9, while the last assertion follows from Proposition 3.5 and Proposition 2.2 (cf. corollary 2.7 of [5] ).
Since it may happen that two 0-dimensional standard cusps are connected by a 1-dimensional cusp, µ 1 is not injective in general. By Lemma 4.7 (3),
where Γ E S = {ϕ ∈ Γ S | ϕ(E) = E}. When two elliptic K3 surfaces are connected by a 1-dimensional cusp, there certainly exists a geometric (but not so direct) relation between them. Let L ∈ P ic(S) be the line bundle associated to an elliptic fibration, and denote by l ∈ N S(S) the class of L. Define the isotropic lattice E := Zl ⊕ H 4 (S, Z). Assume we are given a hyperbolic plane Ze ′ + Zf ′ ⊂ N S(S) ⊕ U such that f ′ ∈ E and (S, l) ≃ (S Ze ′ +Zf ′ , l ′ ). Here l ′ ∈ E is a generator of Ker(·, e ′ )| E . For brevity, we write S ′ instead of S Ze ′ +Zf ′ . The situation is that, two non-isomorphic elliptic K3 (S, l) and (S ′ , l ′ ) are connected by the boundary curve corresponding to E. Denote by π 1 : S × S ′ → S and π 2 : S × S ′ → S ′ the projections. For a coherent sheaf E on S × S ′ , we can associate the Mukai vector v E := ch(E) td(S × S ′ ) ∈ H * (S × S ′ , Z). The following proposition gives a way to obtain l ∈ N S(S) from l ′ ∈ N S(S ′ ).
Since (e ′ , f ′ ) = 1, the H 0 (S ′ , Z) component of (Φ H E (l ′ ) lies in Zl.
Note that the statement of Proposition 4.11 is symmetric with respect to (S, l) and (S ′ , l ′ ). In this way, we can construct L ′ (resp. L) from L (resp. L ′ ) via certain sheaf on S × S ′ . (Of course, even if a sheaf E on S × S ′ induces a Hodge isometry H(S, Z) ≃ H(S ′ , Z), it is not true in general that the first Chern class of the line bundle det(Rπ 2 * (E ⊗ π * 1 L)) ⊗ det(Rπ 2 * E) −1 is isotropic.) To obtain the elliptic curve on S ′ , we first eliminate the fixed components of the linear system det(Rπ 2 * (E ⊗ π * 1 L)) ±1 ⊗ det(Rπ 2 * E) ∓1 and then we take a connected component of generic member of the moving part. Finally, we give an example for which µ 1 is not injective. 
